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Abstract
It is shown how the coherent states permit to find different geometrical ob-
jects as the geodesics, the conjugate locus, the cut locus, the Calabi’s diastasis
and its domain of definition, the Euler-Poincare´ characteristic, the number of
Borel-Morse cells, the Kodaira embedding theorem.
1 Coherent state manifold and coherent vector manifold
In this talk the coherent states [] are presented as a powerful tool in global differential
geometry and algebraic geometry [], []. For general references and proofs see also [],
[]. The results are illustrated on the complex Grassmann manifold [].
We start with some notation. Let π be a unitary irreducible representation, G a
Lie group, H a separable complex Hilbert space. Let also the orbit M˜ = π˜(G)ψ˜0 ,
where ψ0 ∈ H, ξ : H → P(H) is the projection ξ(ψ0) = ψ˜0 . Then there is a
diffeomemorphism M˜ ≈ G/K, where K is the stationary group of ψ˜0. If ι : M˜ →֒
P(L) is a biholomorphic embedding in some projective Hilbert space, then M˜ is
called coherent state manifold. If σ : M˜→ S(H) is a local section in the unit sphere
in H, let M′ = σ(M˜) be the holomorphic line bundle associated to the principal
holomorphic bundle P → Gc → Gc/P by a holomorphic character χ of the parabolic
subgroup P of the compexification GC of G. M′ is a quantization bundle over M˜ [].
The following assertions are equivalent: there exists the embedding ι; there exists
a positive line bundle M′ over M˜; the line bundle M′ is ample; there exists m0 such
that for m ≥ m0, M =M′m = ι∗[1], where [1] is the hyperplane bundle over P(L).
M is called coherent vector manifold. The Perelomov’s coherent vectors are
eZ,j = exp
∑
ϕ∈∆+
n
(ZϕF
+
ϕ )j, eZ = (eZ , eZ)
−1/2
eZ , (1)
eB,j = exp
∑
ϕ∈∆+
n
(BϕF
+
ϕ − B¯ϕF−ϕ )j, eB,j :=eZ,j, (2)
where j is an extreme weight vector, ∆+n denotes the positive non-compact roots,
Z:=(Zϕ) ∈ Cd are local coordinates in the neighbourhood V0 ⊂ M˜ and d = dimCM˜.
In eqs. (1), (2) F+ϕ j 6= 0, F−ϕ j = 0, ϕ ∈ ∆+n , and (eZ′, eZ) is the hermitian scalar
product of holomorphic sections in the holomorphic line bundle M over M˜.
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2 Geodesics
Proposition 1 For hermitian symmetric spaces, the dependence Z(t) = Z(tB) ap-
pearing when one passes from eq. (2) to eq. (1) describes in V0 a geodesic.
For example, on the Grassmannian Gn(C
m+n) = SU(n +m)/S(U(n)× U(m)),
Gn(C
m+n) = exp
(
0 B
B∗ 0
)
o =

cos
√
BB∗ B
sin
√
B∗B√
B∗B
−sin
√
B∗B√
B∗B
B∗ cos
√
B∗B
 o
=
(
1 Z
0 1
)(
(1 + ZZ∗)1/2 0
0 (1 + Z∗Z)1/2
)(
1 0
−Z∗ 1
)
o ,
the geodesics in V0 are given by the expression
Z = B
tg
√
B∗B√
B∗B
. (3)
3 Conjugate locus
Proposition 2 For Hermitian symmetric spaces M˜, the parameters Bϕ in formula
(2) of normalised coherent states are normal coordinates in the normal neighbourhood
V0.
Theorem 1 Let M˜ be a Hermitian symmetric space parametrized in V0 as in eqs.
(1), (2). Then the conjugate locus of the point o is obtained vanishing the Jacobian
of the exponential map Z = Z(B) and the corresponding transformations of the chart
from V0.
Theorem 2 The tangent conjugate locus C0 of O ∈ Gn(Cm+n) is
C0 =
⋃
k,p,q,i
ad k(tiH) , i = 1, 2, 3; 1 ≤ p < q ≤ r, k ∈ K; (4)
H =
r∑
i=1
hiDi n+i, hi ∈ R,
∑
h2i = 1 , (5)
t1 =
λπ
|hp ± hq| , multiplicity 2;
t2 =
λπ
2|hp| , multiplicity 1;
t3 =
λπ
|hp| , multiplicity 2|m− n|; λ ∈ Z
⋆ .
(6)
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The conjugate locus of O in Gn(C
m+n) is given by the union
C0 = C
W
0 ∪CI0, (7)
CI0 = exp
⋃
k,p,q
Ad k(t1H) , (8)
CW0 = exp
⋃
k,p
Ad k(t2H) . (9)
Exponentiating the vectors of the type t1H we get the points of C
I
0 (at least two of
the stationary angles with O are equal); t2H are sent to the points of C
W
0 (at least
one of the stationary angles with O is 0 or π/2).
CW0 is given by the disjoint union
CW0 =
{
V m1 ∪ V n1 , n ≤ m,
V m1 ∪ V nn−m+1, n > m, (10)
where
V m1 =
{
CP
m−1, for n = 1,
Wm1 ∪Wm2 ∪ . . .Wmr−1 ∪Wmr , for 1 < n,
(11)
Wmr =
{
Gr(C
max(m,n)), n 6= m,
O⊥, n = m,
(12)
V n1 =
{
W n1 ∪ . . . ∪W nr−1 ∪O, 1 < n ≤ m,
O, n = 1,
(13)
V nn−m+1 = W
n
n−m+1 ∪W nn−m+2 ∪ . . . ∪W nn−1 ∪O , n > m . (14)
Here Dij = Eij −Eji, O⊥ is the orthogonal complement of the n-plane O in CN and
V pl =
{
Z ∈ Gn(Cn+m)| dim(Z ∩ Cp) ≥ l
}
, (15)
W pl = V
p
l − V pl+1 =
{
Z ∈ Gn(Cn+m)| dim(Z ∩ Cp) = l
}
. (16)
4 Cut locus
We remember that q is in the cut locus CLp of p ∈ M˜ if q is the nearest point to p
on the geodesic emanating from p beyond which the geodesic ceases to minimize his
arc length []. By polar divisor of e0 ∈M we mean the set Σ0 = {ψ ∈M|(e0, ψ) = 0} .
Theorem 3 Let M˜ be a homogeneous manifold M˜ ≈ G/K parametrized in the neigh-
bourhood V0 around Z = 0 as in eq. (1). Then (the disjoint union)
M˜ = V0 ∪ Σ0. (17)
Moreover, if the condition B) is true, then
Σ0 = CL0. (18)
3
A) Exp|o = λ ◦ exp |m .
B) On the Lie algebra g of G there exists an Ad(G)-invariant, symmetric,
non-degenerate bilinear form B such that the restriction of B to the Lie
algebra k of K is likewise non-degenerate.
Here g = k ⊕ m is the orthogonal decomposition of g with respect to the B-form,
Expp : M˜p → M˜ is the geodesic exponential map, exp : g → G, o = λ(e), e is the
unit element in G and λ is the projection λ : G → G/K. Note that the symmetric
spaces have property A) and if M˜ ≈ G/K verifies B), then it also verifies A) (cf. []).
Comment 1 The cut locus is present everywhere one speaks about coherent states.
5 Calabi’s diastasis
We remember that the Calabi’s diastasis is expressed through the coherent states as
D(Z ′, Z) = −2 log |(eZ′ , eZ)| (cf. []). Let also dc([ω′], [ω]) = arccos |(ω
′,ω)|
‖ω′‖‖ω‖
denote the
hermitian elliptic Cayley distance on the complex projective space.
Proposition 3 The diastasis distance D(Z ′, Z) between Z ′, Z ∈ V0 ⊂ M˜ is related
to the geodesic distance θ = dc(ι∗(Z
′), ι∗(Z)), where ι : M˜ →֒ P(L), by the relation
D(Z ′, Z) = −2 log cos θ.
If M˜n is noncompact, ι
′ : M˜n →֒ CPN−1,1 = SU(N, 1)/S(U(N) × U(1)), and
δn(θn) is the length of the geodesic joining ι
′(Z ′), ι′(Z) (resp. ι(Z ′), ι(Z)), then
cos θn = (cosh δn)
−1 = e−D/2.
Comment 2 The relation (18) furnishes for manifolds of symmetric type a geomet-
ric description of the domain of definition of Calabi’s diastasis: for z fixed, z′ /∈ CLz.
6 The Euler-Poincare´ characteristic, Borel-Morse cells, Ko-
daira embedding
Theorem 4 For flag manifolds M˜ ≈ G/K, the following 7 numbers are equal:
1) the maximal number of orthogonal coherent vectors;
2) the number of holomorphic global section of the holomorphic line bundle M;
3) the dimension of the fundamental representation in the Borel-Weil theorem;
4) the minimal N appearing in the Kodaira embedding theorem, ι : M˜ →֒ CPN−1;
5) the number of critical points of the energy function fH attached to a Hamilto-
nian H linear in the generators of the Cartan algebra of G, with unequal coefficients;
6) the Euler-Poincare´ characteristic χ(M˜) = [WG]/[WH ], [WG] = cardWG, where
WG denotes the Weyl group of G;
7) the number of Borel-Morse cells which appear in the CW-complex decomposition
of M˜.
4
Comment 3 The Weil prequantization condition is nothing else that the condition
to have a Kodaira embedding, i.e. the algebraic manifold M˜ to be a Hodge one.
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